In this paper we proceed into the next step of formalization of a consistent dual theory for mass dimension one spinors. This task is developed approaching the two different and complementary aspects of such duals, clarifying its algebraic structure and the so called τ−deformation. The former regards the mathematical equivalence of the recent proposed Lorentz preserving dual with the duals of algebraic spinors, from Clifford algebras, showing the consistency and generality of the new dual. Moreover, by revealing its automorphism structure, the hole of the τ−deformation and contrasting the action group orbits with other Lorentz breaking scenarios, we argue that the new mass dimension one dual theory is placed over solid and consistent basis.
Introduction
The intriguing and rich theory behind mass dimension one dark spinor and spinorial structure has revealed a promising field of research pointing towards one of biggest challenges of the XXI century physics, namely the dark matter problem. In spite of the relevance of mass dimension one spinors (Elko) [1, 2] by itself as candidate to describe dark matter, it has raised important questions concerning, for example, exotic dark structure [3] , algebraic classification [4, 5, 6, 7] , representatives of new classes [8, 9, 10] , magnetic monopoles [11] as well as torsional gravity [12] , Elko [13] and general spinors dynamics [14] . In addition, as evinced in Ref. [15] , the freedom of choice of spinors dual is another central issue motivated by the mass dimension one spinors theory.
The quantum field theory literature usually takes the Dirac dual as the standard one, with no suspicion or need of alternative dual structures as being potentially interesting. However, the development of the theory of dark spinors naturally requires a different dual [1, 2] . The initial proposal suffered the lack of Lorentz invariance, demanding a careful investigation of how general a physics motivated dual spinor candidate can be. An answer to this issue was the emergence of the new mass dimension one dual, proposed in [15] , following a twofold procedure, namely the new dual definition and its τ−deformation. Both necessary to perform a full Lorentz covariant (and local) quantum field theory. Our aim here is to elucidate these two aspects.
The algebraic theory of spinor duals makes use of the rich and well known structure of Clifford algebras to specify all possible duals for arbitrary algebras of any dimension and space(time) signature [16] . Here emerges the confrontation of Email addresses: julio.hoff@unesp.br (J. M. Hoff da Silva), rogerio.cavalcanti@unesp.br (R. T. Cavalcanti) two very different, although algebraically equivalent, dual definitions. By comparing the new dual raised in the dark spinors theory to the one from the algebraic definition of spinors, we show that the former is actually a slightly particular, yet interesting, case of the later. We proceed by going further on the mass dimension one duals, evincing a hidden automorphism structure behind the so called τ-deformation [17] . It makes the choice made in [15] (see Sec. 2) an execllent candidate for the right dual ensuring the Lorentz invariance of the theory. The hole of the τ-deformation on Lorentz invariance is also discussed by comparing its effects with other scenarios of symmetry breaking and orbits of a set of spin sums under the action of very special relativity groups [18] . Within the context previously exposed, we approach both parts of the new dual formulation, thereby reinforcing its consistence and generality.
The present paper is organized as follows: In Sec. 2 we briefly introduce the problem of mass dimension one duals and the solution proposed in [15] in order to keep the theory Lorentz invariant. It is followed, in Sec. 3, by a brief exposition of Clifford algebras and the definition of spinors as minimal ideals of such algebras, as well as the algebraic structure of general duals, in order to contrast it with the one developed under the mass dimension one spinors theory. In Sec. 4 we expose the automorphism structure of the τ-deformed dual as well as its importance in Lorentz symmetry preserving. We finish the paper by discussing the results and its importance on the task of constructing a complete and consistent theory of mass dimension one spinors.
Preliminaries
The idea that the usual Dirac dual cannot be applied to every spinor is sharp enough to force the development of an accurate criteria in the formalization of spinor duals, recovering the usual case in an appropriate limit. Most of the formalization concerning spinor duals can be found in Section 4 of Ref. [15] . Here we shall pinpoint the main steps of finding a generalized spinor dual and, then, move forward in the formalization process.
A given spinor field, ψ, carrying a (1/2, 0) ⊕ (0, 1/2) representation is supposed to have a dual given bỹ
for which judicious (physical) constraints of the theory shall reveal the ∆ operator and the η matrix as well. In the above equation, s stands for the spinor helicity structure (the Elko's are formally constructed to have a double helicity structure given rise to four spinors, each one labeled by the index s). Lorentz invariance of the productψ s ψ s implies (up to an irrelevant constant) η = γ 0 . For the ∆ operator it is allowed to change the helicity structure of the spinor upon which it acts. It can be shown that the helicity structure being unchanged and having at hand a typical Dirac spinor, then ∆ = I and we have the usual Dirac dual. On the other hand, if the helicity structure is changed, then one may be pushed to a more elaborated operator [15] given by
where p µ is the particle momenta, m its rest mass and
with φ being the polar angle in the momentum parameterization p µ = (E, p sin θ cos φ, p sin θ sin φ, p cos θ). The relevant spinorial structure for mass dimension one operators is attained by requiring neutrality with respect to the charge conjugation operator, i. e., Cλ
h , given rise to the self-conjugated (λ S h ) and the anti-self-conjugated spinor (λ A h ). The resulting spin sums, calculated after the formal spinor structure be settled, reads
explicitly breaking Lorentz invariance (see Refs. [19, 20] for a thorough analysis of mass dimension one fermions interactions and symetries). The systematic study of the symmetries encoded in G(φ) reveals that it is, in fact, invariant (or form covariant) under the transformations of HOM(2) (S I M(2)) [21, 22] , both subgroups of the Lorentz group obtained by removing the discrete symmetry operators P and T and rearranging the remain generators. These subgroups entails the underlining symmetry of the so-called Very Special Relativity (VSR) [18] . The attempt to restore, at the formal level, the Lorentz symmetry of the spin sums went over the following combined procedure. First, a redefinition of the dual was implemented such as [15] ¬
where the operators A and B must obey the important and nontrivial properties:
along with
in order to the orthonormality relations remain unchanged, a surely indispensable issue in a spinor based theoretical formulation. In Sec. 4 we shall take advantage of the formal properties of A and B and Sec. 3 is devoted to evince the Clifford algebra procedure behind such a redefinition. Nevertheless, before to investigate these points, we would like to finalize this short preliminary section by showing that the new spin sums, calculated with the aid of the new duals, amounts to
and the Lorentz invariance requires also the deformation of the (I ± G(φ)) operator in order to allow the existence of an inverse. In fact, since det(I + G(φ)) = 0, the following stratagem was used: to deform the initial operator by means of a real parameter τ in such a way that the spin sums become proportional to (I ± τG(φ)) and the limit τ → 1 must be taken at the final of the calculations. This procedure, implemented in Ref. [23] , have formal validity, as emphasized in Ref. [17] . In Sec. 4 we show that this τ−deformation, due to the very nature of A and B operators, is indeed a profound necessity. Before that, in the next section we shall thoroughly investigate the formal and general structure of the dual in Eq. (1), approaching hence the two main aspects of the new dual theory.
The algebraic view of the "new" duals
It is a well known fact that the formal aspects of spinors has been highly enlightened by thorough studies of such objects defined over the structure of Clifford algebras. Our aim in this section is to revisit the algebraic definition of spinors and analyze the general form of the dual of Eq. (1) from this point of view. We start by introducing the basic structure needed to define the algebraic spinors space of a general Clifford algebra and inner products on such spaces, as well as in its complexified version. The comparison of the complexified algebraic dual spinors with the one of Eq. (1) justifies the quotation marks at the section title. As we are interested in general and algebraic properties of spinors duals, along this paper we shall drop the helicity structure index as well as the spacetime point dependence of spinors and operators, except when strictly necessary.
Clifford algebras are rich algebraic structures, defined over quadratic spaces, with application ranging from theoretical physics to engineering and computer science (See Ref. [24] for a review with a wide range of applications of Clifford algebras). Its multivectorial graded structure encompass the tensorial and exterior algebra as well as the quaternions ring. The Spin groups, isomorphic to classical Lie groups in lower dimensions, associated to its clear geometric view, provide a gen-eral and elegant way to define rotations on arbitrary quadratic spaces 1 . Given a real vector space equipped with a symmetric quadratic form g of signature (p, q), denoted by R p,q , its associated Clifford algebra is defined as follows: 2 The Clifford algebra Cℓ p,q , associated to the quadratic space R p,q , is the associative unital algebra such that
is linear and satisfies
Under the structure of Clifford algebras, besides the classical definition of spinors as elements of the space carrying the irreducible representation of the Spin group (the Lorentz group in the case of Minkowski space), there exists also the important, while less popular, algebraic definition [26] . Algebraic spinors are minimal left ideals built upon primitive idempotents of the base algebra. In general, given the Clifford algebra Cℓ p,q and f a primitive idempotent, the minimal left ideals are of the form Cℓ p,q f . Furthermore, a division ring K isomorphic to R, C or H (reals, complex and quaternions) is obtained, depending on the dimension and signature of the space, by f Cℓ p,q f . The application
, an inner product β : S p,q × S p,q → K is defined by associating an arbitrary spinor ψ ∈ S p,q to its correspondent ψ ⋆ ∈ S ⋆ p,q , called the adjoint with respect to the inner product β, such that β(ψ, φ) = ψ ⋆ φ ∈ K. Right ideals are mapped into left ideals, and vice-versa, by involutions of the algebra. Idempotents, however, are not always preserved. In other words, denoting a generic involution by α, follows α( 25, 16] , allowing one to define
Thus, an inner product can be obtained by
where α is called the adjoint involution of the inner product β. There are two natural involutions inside the structure of Clifford algebras, the reversion and Clifford conjugation [25] , these two involutions determine two inner products on S p,q , being any other inner product on S p,q determined by an equivalent involution [16] . When dealing with complexified Clifford algebras C⊗Cℓ p,q , the composition of the complex conjugation with the other algebra involutions changes the adjoint involution of inner products. The important situation for us is the one of the adjoint involution being equivalent to the hermitian conjugation on the algebra representation. For such it is sufficient that α * (a) = h −1 a † h and h † = h, for any a ∈ C ⊗ Cℓ p,q (in particular for a ∈ C ⊗ S p,q ) and h ∈ C ⊗ Cℓ p,q [25, 16] . The adjoint (dual) spinor ψ ⋆ ∈ C ⊗ S ⋆ p,q thus reads
At this point one can notice the similarity between the duals of equations (1) and (12) . We argue that they are actually the same. As can be easily checked, one has just to take h = η∆, with η † = η, in order to haveψ = ψ ⋆ . In addition, an important fact not mentioned in previous papers is that ∆ must be such that
It imposes a restriction to the operator ∆, apart from being invertible, as discussed below 4 . The particular case of the Dirac dual, with ∆ = I, obviously satisfies (13) . The alternative Dirac dual found in Ref. [27] , which was shown to have identical observables, also obey Eq. (13) 5 . For the mass dimension one duals proposed in Ref. [15] , besides the one of Eq. (1), the duals of Eqs. (4) and (5) also satisfy h † = h, for h = Aη∆ or h = Bη∆. In fact, given A = 2[I − τG(φ)] −1 (see Sec. 4 or Ref.
[15]), as A † = A and the commutators [A, ∆] and [A, η] do vanish, it is straightforward to check that (Aη∆) † = Aη∆, thus
The same happens for B. Notice that the above duals are equivalent to redefining ∆ as ¬ ∆= A∆ or ¬ ∆= B∆, indicating the ∆ operator as the one carrying the generality of the new duals. This is an important aspect. With effect, it is the mathematical counterpart to the alluded remain physical degree of indeterminacy in Ref. [15] , responsible to make possible this first part of the new dual formulation.
A further characterization of the ∆ operator can be found by taking a general complex matrix ∆ = [a i j ] and imposing the Eq. (13) . It gives 
, with a 13 , a 31 , a 24 , a 42 ∈ R.
(15) The above matrix has a clear structure of block matrix, which, as expected, is compatible with the one found in [15] and in [27] . It can be represented by
Explicitly, for the dual introduced in Ref. [15] , given the fourmomentum p µ = (E, p sin θ cos φ, p sin θ sin φ, p cos θ), hold B = C = 0 and
For the one found in Ref. 
The left hand side of the above equation reads
From Eqs. (19) and (20) follows ηD(Λ) † η = D(Λ) −1 , which is the well known relation found for Dirac duals that, along with the parity symmetry, fixates η = γ 0 [15] . It means that the ∆ operator does not affect the Lorentz invariance of the inner product, this task is fulfilled by η, evidencing again ∆ as being the only responsible for the degrees of freedom of a general Lorentz covariant dual.
The Automorphism structure and an attempt of interpretation
In order to further analyze the second part of the new dual formulation, we shall start this section by depicting the relevant properties associated to the operators A and B of mass dimension one duals. It allows for the investigation of spinorial spaces underlying automorphisms, evincing the form of A (and consequently B) by construction, followed by the study of the relationship between the so called τ-deformation and symmetries of such spaces.
Classes of spinors do not form, in general, vector spaces. However, as discussed in [28] , there are special cases where this task can be accomplished. Two of them are the space of self conjugate and anti-self conjugate Elko. Taking elements of those vectorial spaces, in such a way that λ S ∈ E S andλ S ∈ E * S , the action of E * S elements is taken with respect to elements of E S , i. e.,λ S : E S → C. Notice that by means of the anti-self conjugated space E A ∋ λ A , the action of E * S elements may be naturally extended toλ S : E S ⊕ E A → C, sinceλ S λ A = 0. According to Secs. 2 and 3, in order to reach a Lorentz invariant spin sum, a redefinition of the dual elements takes place. Therefore, after defining
it is important to set down the properties of the new operator A. We shall pay attention to the A operator case, being the B case completely analog. In the course of this exposition we touch on the peculiarities of this last case only when necessary. The first property required for the new dual is
from which we have Aλ S = λ S . The remaining requirement regarding the action of A is inferred by imposing
, it is quite enough that Aλ A = σλ A for some non vanishing σ ∈ C. These eigenspinors relations allows the action of this operator be such that
linearly. Therefore the domain D and range of A both coincide with the whole vectorial space:
Notice that the new dual share the main properties of the old dual
ran(
Moreover, it is fairly simple to see that ker(
, and therefore the kernel associated to A is a bit more constrained. In fact, suppose a given spinor, say χ, of E S ⊕ E A belonging to ker(A). Then Aχ = 0 and taking into account the evinced action of A on the basis of the space, Aχ = 0 implies χ = 0 necessarily. Therefore ker(A) = {0} and A is an injective operator. In addition, for a general spinor λ = αλ S + βλ A ∈ E S ⊕ E A , there is always another spinor λ 0 = αλ S + β σ λ A ∈ E S ⊕ E A such that Aλ 0 = λ, and hence A is surjective. Combining all these properties, we see that the A operator engenders an isomorphism of the space in itself.
Usually, the elements falling into this classification belongs to the automorphism set. Nevertheless, we shall pinpoint that a sufficient requirement to additionally justify the τ−deformation is to impose A is a member of the automorphism group, i. e. A ∈ Aut(E S ⊕ E A ). Notice that it does not fixate the operator A. The charge conjugation operator, for instance, naturally share with A all the above properties. The idea behind the introduction of the new dual is to achieve a Lorentz invariant spin sum, therefore A must serve (also) as an inverse to (1 + G(φ) ). It turns out, however, that (1 + G(φ)) is not an element of Aut(E S ⊕ E A ). In fact (1 + G(φ))λ A = 0 for all λ A ∈ E A and therefore ker(1 + G(φ)) = E A , resulting in a non injective operator. Despite (1 + G(φ)) being not an element of the automorphism group, its τ−deformation (1 + τG(φ)), with τ ∈ R, belongs to Aut(E S ⊕ E A ). In fact, as it can be readily verified, (1+τG(φ))λ S = (1+τ)λ S and (1+τG(φ))λ A = (1−τ)λ A , leading to ker(1 + τG(φ)) = {0}. As elements of the same group, it is possible to impose A as the inverse of (1 + τG(φ)). Also, as it is evident from the construction, one must undertake the τ → 1 limit at the end of the calculations [23] . As shown in Ref. [17] , this limit is formal in linear algebra. The reasoning exposed here demonstrate that the very nature of the A operator, better saying, the necessary properties of A, make it a possible element of the automorphism group, and hence, in order to act as an inverse, the τ−deformation is indeed necessary. Now, with a suitable normalization constant, the A operator may be written as [23, 15] 
withÃ Lorentz invariant. Note that all the previous construction seems not to fix completely the form of A. In fact, if the criteria for the spin sums is Lorentz invariance, then at first sight it is still possible to have an element of arbitrariness encoded inÃ. Let us deal with this issue now. Obviously, it is necessary thatÃ ∈ Aut(E S ⊕ E A ) andÃλ S = λ S . BesidesÃ must be dimensionless. While these requirements do constraint the functional form ofÃ, the reason whyÃ must be identified to the identity comes not from the mathematical framework, but is a physical requirement. The spin sums are at the very heart of quantum field theory. Entering in the propagator, the spin sums cascade down to several relevant quantum process and quantum interpretation of the theory as well. BeingÃ different from the identity, the dynamics of the associated quantum field would be completely different from every known dynamics. As the usual Dirac dynamics is automatically excluded (the spinors at hand are not annihilated by Dirac operator), the only possibility is A = I. At the end, as the inverse part of the operator is unique, the functional form of A is obtained in an exhaustive fashion. Finally, the output of this construction is the spin sums equal to ±mI (or proportional to e Aut(E S ⊕E A ) , the automorphism group identity) which is trivially Lorentz invariant.
We would like to make the parenthetical remark that the spin sums for the usual Dirac case also show to exhibit a result not belonging to the automorphism group. The crucial, and obvious, difference is that in the Dirac case the spin sums are automatically Lorentz invariant.
The precedent formalization may also be accompanied of an attempt to interpret the effect leaded by the τ−deformation. As a matter of fact, it was shown that the kernel of (1 ± τG(φ)) jumps to E A/S in the limit τ → 1. Besides, as it is clear from the previous procedure, we depart from HOM (2) or S I M (2) symmetries to the full Lorentz group. However, differently from usual spacetime symmetries breaking in which one has the emergence of an order parameter dictating the breaking effects magnitude, the relationship of the full Lorentz group and its relativistic avatars is not mediated by local symmetry breaking operators. The eventual interchange between these symmetries is not performed smoothly, in a manner of speaking. In order to give a mathematical sense at the symmetry level to the τ−deformation, we start by defining X as the set whose elements are the spin sums before the deformation. Besides, let H be a group and consider a particular group action given by
for all x of X with h different from e H . There is a particular suitable realization for this action for H = HOM(2) ∋ Γ and
Notice that this realization is in fact that one performed in Ref.
[22] acting on G(φ) and entailing a VSR symmetry to it and, obviously, to the spin sums. With the aid of (29), we have as the orbit of x the following set
Now consider, in analogous fashion, the set X τ of spin sums after the tau-deformation and the recognition of A and B as the suitable inverses in the previously discussed context. Consider also a given group G and a action group defined as in (28) with H and X replaced by G and X τ , respectively. Take G = S O(3, 1) plus discrete symmetries, the full Lorentz group. While it is obvious that the elements Γ ∈ HOM(2) can act on X τ (notice that the residual element of the spin sums contained in X τ is the rest mass, which is obviously invariant for both groups), the opposite is no longer true. Thus elements Λ ∈ G cannot act on X by means of (28) and the orbit (30) is more restricted then the orbit associated to x τ ∈ X τ . In fact
and therefore O(x τ ) ⊃ O(x). This means that the τ−deformation and the new dual have enlarged the orbit of the spin sums. This is precisely what is expected from a symmetry interchange which is not performed by means of a local operator. Besides, even considering different approaches to the symmetry breaking phenomena [29] , the orbits are expected to be disjoint and addressed to the same set, whilst here we have partially overlapping orbits related to different sets. We shall interpret it as a mathematical evidence against the spontaneous breaking of G down to HOM(2) (or vice-versa in the case at hand). This fact, we believe, gives support to the formulation we approached here to the spin sums, i. e., the physical requirement of Lorentz invariant spin sums must be imposed in the elaboration of the theoretical framework, as it is not expected a dynamical (spontaneous) mechanism engendering the transition from HOM (2) to the full Lorentz group.
Final Remarks
In this paper we investigate some additional formal features of the Lorentz preserving mass dimension one duals. The non standard new dual was shown to be completely consistent with the mathematically well established duals of algebraic spinors, from Clifford algebras. Moreover, we shown that the general form of the dual proposed in [15] , obeying an algebraic constrain, is actually the most general Lorentz preserving dual. It makes clear that all its the freedom of choice is encapsulated by the ∆ operator. The algebraic constrain of Eq. (13) allowed us to find a general form for the ∆ operator in its matrix representation. The preceding results are followed by a though analysis of the hole of the τ-deformation in a hidden automorphism structure of the self conjugate and anti-self conjugate spinors space as well as in orbits of such spaces under the action of VSR groups. We argue that, combining our results with the ones obtained in Refs. [15, 17] and [27] , it is possible to claim that mass dimension one dual theory as not only physically but also mathematically consistent.
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